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ABSTRACT: Modern cosmology has now emerged as a testing ground for theories beyond
the standard model of particle physics. In this paper, we consider quantum fluctuations
of the inflaton scalar field on certain noncommutative spacetimes and look for noncommu-
tative corrections in the cosmic microwave background (CMB) radiation. Inhomogeneities
in the distribution of large scale structure and anisotropies in the CMB radiation can
carry traces of noncommutativity of the early universe. We show that its power spectrum
becomes direction-dependent when spacetime is noncommutative. (The effects due to non-
commutativity can be observed experimentally in the distribution of large scale structure of
matter as well.) Furthermore, we have shown that the probability distribution determining
the temperature fluctuations is not Gaussian for noncommutative spacetimes.
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1. Introduction

The CMB radiation shows how the universe was like when it was only 400, 000 years old. If
photons and baryons were in equilibrium before they decoupled from each other, then the
CMB radiation we observe today should have a black body spectrum indicating a smooth
early universe. But in 1992, the Cosmic Background Explorer (COBE) satellite detected
anisotropies in the CMB radiation, which led to the conclusion that the early universe was
not smooth: There were small perturbations in the photon-baryon fluid.

The theory of inflation was introduced [[]-f] to resolve the fine tuning problems asso-
ciated with the standard Big Bang cosmology. An important property of inflation is that
it can generate irregularities in the universe, which may lead to the formation of structure.
Inflation is assumed to be driven by a classical scalar field that accelerates the observed
universe towards a perfect homogeneous state. But we live in a quantum world where
perfect homogeneity is never attained. The classical scalar field has quantum fluctuations
around it and these fluctuations act as seeds for the primordial perturbations over the
smooth universe. Thus according to these ideas, the early universe had inhomogeneities
and we observe them today in the distribution of large scale structure and anisotropies in
the CMB radiation.

Physics at Planck scale could be radically different. It is the regime of string theory and
quantum gravity. Inflation stretches a region of Planck size into cosmological scales. So, at



the end of inflation, physics at Planck region should leave its signature on the cosmological
scales too.

There are indications both from quantum gravity and string theory that spacetime
is noncommutative with a length scale of the order of Planck length. In this paper we
explore the consequences of such noncommutativity for CMB radiation in the light of recent
developments in the field of noncommutative quantum field theories relating to deformed
Poincaré symmetry.

The early universe and CMB in the noncommutative framework have been addressed
in many places [j—[[]. In [ff], the noncommutative parameter 6,,, = —6,,, = constants with
0oi =0, (u,v =0,1,2,3, with 0 denoting time direction), characterizing the Moyal plane is
scale dependent, while [H, B, E] have considered noncommutativity based on stringy space-
time uncertainty relations. Our approach differs from these authors since our quantum
fields obey twisted statistics, as implied by the deformed Poincaré symmetry in quantum
theories.

We organize the paper as follows: In section P}, we discuss how noncommutativity
breaks the usual Lorentz invariance and indicate how this breaking can be interpreted
as invariance under a deformed Poincaré symmetry. In section [J, we write down an ex-
pression for a scalar quantum field in the noncommutative framework and show how its
two-point function is modified. We review the theory of cosmological perturbations and
(direction-independent) power spectrum for 6, = 0 in section H. In section [f], we derive
the power spectrum for the noncommutative Groenewold-Moyal plane Ay and show that it
is direction-dependent and breaks statistical isotropy. In section [, we compute the angular
correlations using this power spectrum and show that there are nontrivial O(6?) corrections
to the CMB temperature fluctuations. Next, in section [, we discuss the modifications of
the n-point functions for any n brought about by a non-zero 0*¥ and show in particular
that the underlying probability distribution is not Gaussian. The paper concludes with
section f.

2. Noncommutative spacetime and deformed Poincaré symmetry

At energy scales close to the Planck scale, the quantum nature of spacetime is expected to
become important. Arguments based on Heisenberg’s uncertainty principle and Einstein’s
theory of classical gravity suggest that spacetime has a noncommutative structure at such
length scales [[[J]. We can model such spacetime noncommutativity by the commutation

relations [[[J-[q]

[i‘\m 35\1/] = ieuu (2.1)
where 6, = —0,,, are constants and 7, are the coordinate functions of the chosen coordi-
nate system:

Tu(x) =z, (2.2)

The above relations depend on choice of coordinates. The commutation relations given
in eq. (R-1) only hold in special coordinate systems and will look quite complicated in other
coordinate systems. Therefore, it is important to know that in which coordinate system



the above simple form for the commutation relations holds. For cosmological applications,
it is natural to assume that eq. (R.1]) holds in a comoving frame, the coordinates in which
galaxies are freely falling. Not only does it make the analysis and comparison with the
observation easier, but also make the time coordinate the proper time for us (neglecting
the small local accelerations).

The relations (R.0]) are not invariant under naive Lorentz transformations either. But
they are invariant under a deformed Lorentz Symmetry [I7], in which the coproduct on the
Lorentz group is deformed while the group structure is kept intact, as we briefly explain
below.

The Lie algebra P of the Poincaré group has generators (basis) M,z and P,. The subal-
gebra of infinitesimal generators P, is abelian and we can make use of this fact to construct
a twist element Fy of the underlying quantum group theory [I§-R0]. Using this twist ele-
ment, the coproduct of the universal enveloping algebra U(P) of the Poincaré algebra can
be deformed in such a way that it is compatible with the above commutation relations.

The coproduct A appropriate for ,,, = 0 is a symmetric map from U(P) to U(P) ®
U(P). Tt defines the action of P on the tensor product of representations. In the case of
the generators X of P, this standard coproduct is

Ap(X)=1X+X®1. (2.3)
The twist element is

Fy = exp (-%eaﬁpa ® Pﬁ> . Py =—ida. (2.4)

(The Minkowski metric with signature (—, 4+, +, +) is used to raise and lower the indices.)
In the presence of the twist, the coproduct Ay is modified to Ay where

Ng = F, Ao Fy. (2.5)
It is easy to see that the coproduct for translation generators are not deformed,
Ag(Py) = Ag(Py) (2.6)

while the coproduct for Lorentz generators are deformed:

1
Ag(M,,) = 1®M,W+MW®1—5[(P-6)M®P,,—P,,®(P-9)u—(u<—>y) ,
(P-0), = P,0". (2.7)

The algebra Ay of functions on the Minkowski space M* is commutative with the
commutative multiplication mg:

mo(f @ g)(x) = f(x)g(x). (2.8)

The Poincaré algebra acts on Ag in a well-known way

Puf(2) = i0uf(2), My f(2) = ~i(2,d, — 2,0, (2). (2.9)



It acts on tensor products f ® g using the coproduct Ag(X).
This commutative multiplication is changed in the Groenewold-Moyal algebra Ay to
meg:. _
mo(f © g)(a) = ma[e 17O £ 0 g) (a) = (£ % g)(a). (210)

Equation (2.1]) is a consequence of this x-multiplication:
[T, Tl = my (TR Ty — 2, ®TY,) =6, (2.11)

The Poincaré algebra acts on functions f € Ay in the usual way while it acts on tensor
products f ® g € Ay ® Ay using the coproduct Ay(X) [[7, BT

Quantum field theories can be constructed on the noncommutative spacetime Ay by
replacing ordinary multiplication between the fields by *-multiplication and deforming
statistics as we discuss below [PJ—P5. These theories are invariant under the deformed
Poincaré action [[[7, 1], 5, 4] under which 0, is invariant. It is thus possible to observe
6, without violating deformed Poincaré symmetry. But of course they are not invariant
under the standard undeformed action of the Poincaré group as shown for example by the
observability of 6, .

3. Quantum fields in noncommutative spacetime

It can be shown immediately that the action of the deformed coproduct is not compatible
with standard statistics [R5]. Thus for §** = 0, we have the axiom in quantum theory that
the statistics operator 79 defined by

T (P@X) =X®¢ (3.1)

is superselected. In particular, the Lorentz group action must and does commute with the
statistics operator,
T0A0(A) = Ag(A)70, (3.2)

where A € P_TH the connected component of the Poincaré group.

Also all the states in a given superselection sector are eigenstates of 79 with the same
eigenvalue. Given an element ¢ ® x of the tensor product, the physical Hilbert spaces can
be constructed from the elements

147
(52) wa. (33)

Now since 10Fy = Fy 170, we have that
T0Ag(A) # Ag(A)70 (3.4)

showing that the use of the usual statistics operator is not compatible with the deformed
coproduct.
But the new statistics operator

To=F, ' 00Fy, Ti=1®1 (3.5)



does commute with the deformed coproduct.
The two-particle state |p, ¢)s, 4, for bosons and fermions obeying deformed statistics
is constructed as follows:

sty = 1) @y, 100 = (2572 () 91a)

= 5 (I ®lg) = P gy @ |p)). (3.

Exchanging p and ¢ in the above, one finds

P, @) 5,4, = £ € PO g DY 4. (3.7)

In Fock space, the above two-particle state is constructed from a second-quantized field
g according to

3Ozl 0) = (157 (e 0 eo)(ar. )

= (ep ®Sg, A6 eq)($17$2)

= (21, %2|P, 4) 5y, A, (3.8)

where g is a boson(fermion) field associated with |p,q)s, (|p,q)A4,)-
On using eq. (B.7), this leads to the commutation relation

a ail = + ePu0™av ailaT . (3.9)

T
p P

Let P, be the Fock space momentum operator. (It is the representation of the trans-
lation generator introduced previously. We use the same symbol for both.) Then the

operators ap , aI, can be written as follows:

_i 224 i mz
ap = cp e 2P0 g :CL e2Put"" P (3.10)

T
p
cp’s being 0"V = 0 annihilation operators.

The map from cp,cI) to ap,aI, in eq. (B.10) is known as the “dressing transforma-
tion” [R4, B7-

In the noncommutative case, a free spin-zero quantum scalar field of mass m has the

mode expansion
wo(x) = / % (ap ep(z) + aL e_p(x)> (3.11)

where
ep(z) =e"PT pox=poro—Pp-X, po=+p2+m2>0.

The deformed quantum field g differs form the undeformed quantum field g in two
ways: i.) e, belongs to the noncommutative algebra of M* and ii.) ap is deformed by
statistics. The deformed statistics can be accounted for by writing [2§]

o = po e3O/F (3.12)



where
«— «—
0NP=0,0"P,. (3.13)

It is easy to write down the m-point correlation function for the deformed quantum
field pp(z) in terms of the undeformed field g (z):

i n J—1°%5 ey
(0l (x1)p(x2) - - po(2a)|0) = (0]o(21)po(@2) - - - Po(,)]0) 72 2d=2 2imr FwrhDy),
(3.14)
On using
dgk ik-x
() = o(x,t) = W Dy(k,t) ™%, (3.15)
we find for the vacuum expectation values, in momentum space
(0] (K1, £1)@p (Ks, £2) - - Py (Kn, 1,)[0) = ez Zsrkink) (g
N kg + 00 kgt -+ 00k,
X@Q(kl,tl—i—e 9+ 6 32+ + )
00 Ky 4+ kgt -+ 00K,
X@Q(kg,tg—i- Lt 23+ +0 >
00k - kg — - — 0.k,
x By <kn,tn+ - 5 =)10) (3.16)
where
60 = (6°1,6°2,69%). (3.17)

Since the underlying Friedmann-Lemaitre-Robertson-Walker (FLRW) spacetime has
spatial translational invariance,

ki +ka+---+k, =0,

the n-point correlation function in momentum space becomes

; -k
(01%g (k1 11) B (kz, t2) -+ Dy (ken, 1)]0) = €2 201 KN 0] (kl,tl T 1)

_’O-k
X(I)Q (kg,tg—éo-kl—e B 2)
" -k,

><---<I>0<kn,tn—9“°.kl—éb.kQ—---—éO.kn_l— 5 )\O>.(3.18)

In particular, the two-point correlation function is

0 . ky 0 . ky
(0|@g(kq,t1)Pg(ks, t2)|0) = (0|®g | ki, t1 — 5 Py | k. t2 — 0), (3.19)

%

since it vanishes unless k; + ko = 0 and hence ela 2usr kinks) — 1.



We emphasize that eqs. (B.16), (B.1§) and (B.19) come from eq. (B.9) which implies
eqs. (B.1(), (B.12) and (B.14). They are exclusively due to deformed statistics. The -
product is still mandatory when taking products of ¢y evaluated at the same point.

In standard Hopf algebra theory, the exchange operation is to be performed using the
R-matrix times the flip operator o [B9, B(]. It is easy to check that Ro acts as identity on
any pair of factors in eqgs. (B.16) and (B.1§).

One can also explicitly show that the n-point functions are invariant under the twisted
Poincaré group while those of the conventional theory are not. Hence the requirement
of twisted Poincaré invariance fixes the structure of n-point functions. These points are
discussed further in [R].

It is interesting to note that the two-point correlation function is nonlocal in time
in the noncommutative frame work. Also note the following: Assuming that 6*¥ is non-
degenerate, we can write it as

M = €qp €l ey + B eay f1 1,

Of,/B 7é 07 €ab = —€ba, aab = 172

where eq, €, fa, fo are orthonormal real vectors. Thus 6*” defines two distinguished two-
planes in M*, namely those spanned by e, and by f,. For simplicity we have assumed that
one of these planes contains the time direction, say e; : €] = §f. The 6% part then can be
regarded as defining a spatial direction 60 as given by eq. (B.17).

We will make use of the modified two-point correlation functions given by eq. (B.19)
when we define the power spectrum for inflaton field perturbations in the noncommutative
frame work.

4. Cosmological perturbations and (direction-independent) power spec-
trum for 6#¥ =0

In this section we briefly review how fluctuations in the inflaton field cause inhomogeneities
in the distribution of matter and radiation following [B1]].

The scalar field ¢ driving inflation can be split into a zeroth order homogeneous part
and a first order perturbation:

o(x.t) = ¢ () + 56 (x, 1) (4.1)

The energy-momentum tensor for ¢ is

w00 0¢ o |1 ., 00 09
oz 028~ 7 8129 Gun oxv

T =g +V(6) (42)

We assume a spatially flat, homogeneous and isotropic (FLRW) background with the

metric

ds® = dt* — ¢*(t)dx> (4.3)
where a is the cosmological scale factor, and nonvanishing I'’s



where H is the Hubble parameter.

In conformal time 7 where dn = %, —00 < 1 < 0, the metric becomes

ds* = a*(n) (dn® — dx?), (4.4)

where a is the cosmological scale factor now regarded as a function of conformal time.
Using this metric we write the equation for the zeroth order part of ¢ [@],

3 +20HO + a2V’ = 0, (4.5)

where overdots denote derivatives with respect to conformal time 7 and V' is the derivative

of V with respect to the field $(?). Notice that in conformal time 7 we have d’il—(n") =a*(n)H
while in cosmic time ¢ we have d%?) =aH.

The equation for d¢ can be obtained from the first order perturbation of the energy-
momentum tensor conservation equation:

su 0T

Vil T gk + I ocuTaV - I« VuTua = 0. (4.6)

The perturbed part of the energy-momentum tensor §7%, satisfies the following con-
servation equation in momentum space @]

90T"
ot

+ ik 0T o + 3HST® y — HST" , = 0, (4.7)

where

T (k, t) = / B T (x,t) e kX, (4.8)

Let ¢(x,t) = [ % b(k,t) e®* Writing down the perturbations to the energy-

momentum tensor in terms of ¢(k, t),
. Zk‘z 2 ~
0Ty = —055,

055 N 5
50 = ~2 00 v (50) 4,

a

. 5054 } B
5sz — 52,], <% _ V/ <¢(0)) 5¢> ,

the conservation equation becomes
36 + 2aH5$ + k25 = 0. (4.9)

Eliminating the middle Hubble damping term by a change of variable ((k,n) =
a(n)do(k,n), the above equation becomes

Elln) +w2m)C(km) =0, wi(n) = (k? - %) | (4.10)



The mode functions u associated with the quantum operator f satisfy

i i(n)
ii(k, +<k:2——>uk, =0 4.11
(k,m) a(n) (k, n) (4.11)
with the initial conditions u(k,7;) = —— — and u(k,n;) = iy/wg(m). Notice that these
Wi (14

initial conditions have meaning only when wy(n;) > 0.
We can immediately write down the quantum operator associated with the variable (,

() = u(le, )iy + u” (k, n)a, (412)
with the bosonic commutation relations [ay, ax/] = [&L, dL,] = 0 and [ay, dL,] = (27)36% (k —

K).
During inflation we have scale factor a(n) ~ —(nH)™!. Thus eq. ([E1I]) takes the

form B

2
i + <k2 — ?) u = 0. (4.13)

When the perturbation modes are well within the horizon, k|n| > 1, one can obtain a

properly normalized solution u(k,n) from the conditions imposed on it at very early times
during inflation. Such a solution is [BI], BJ]

_ 1 _ L —ik(n—ni)
u(k,n) = NGT (1 k‘77> e . (4.14)

The variances involving ¢ and (' are

(0[¢ (k, n)C (K, m)]0)
(0[¢" (k, )¢t (K, 7)]0)
(0[¢T (k, m)C (K, 1)|0)

0,
0

)

(2m)*u(ke, )[*8° (k — k')
= (2m)3Pr(k,n)0% (k — k') (4.15)

where P is the power spectrum of é . Eq. (f.19) can be treated as a general definition of
power spectrum.

In the case when spacetime is commutative (0 = 0), the power spectrum in eq. ({.19)
is

(0I¢T (e, )¢ (K, 7)[0) = (2m)* P (k. )8 (k — K'). (4.16)

The Dirac delta function in eqs. (f.19) and (f.1§) shows that perturbations with dif-
ferent wave numbers are uncoupled as a consequence of the translational invariance of the
underlying spacetime. Rotational invariance of the underlying (commutative) spacetime
constraints the power spectrum P (k,7) to depend only on the magnitude of k.

Towards the end of inflation, k|n| (—oo < n < 0) becomes very small. In that case the
small argument limit of eq. (§.14),

—1

lim  u(k,n) = e~ tk(m=ni) (4.17)

Kin|—0 % kn

3~



gives the power spectrum Py (k,n) = |u(k,7)[?. On using ¢(k,n) = a(n)éd(k,n), we write
the power spectrum P 3 for the scalar field perturbations [B1]:

u(k,n)|? 1 1
Figlhn) = EL(n;??)| ~ 25 a(n)n?

3 (4.18)
In terms of the Hubble parameter H during inflation (H =~ —ﬁ), the power spectrum
becomes

1
Pys(k,n) = %HQ. (4.19)

We are interested in the post-inflation power spectrum for the scalar metric pertur-
bations since they couple to matter and radiation and give rise to inhomogeneities and
anisotropies in their respective distributions which we observe. This spectrum comes from
the inflaton field since the inflaton field perturbations get transferred to the scalar part of
the metric.

We write the perturbed metric in the longitudinal gauge [BJ,

ds? = a®(n) [ (1 + 2x(x, 1) — (1 = 20 (x, )" (x, ) |, (4.20)

where x and ¥ are two physical metric degrees of freedom describing the scalar metric
perturbations and v% is the metric of the unperturbed spatial hypersurfaces.

In our model, as in the case of most simple cosmological models, in the absence of
anisotropic stress (67 ij = 0 for i # j), the two scalar metric degrees of freedom x and ¥
coincide upto a sign:

U =—x. (4.21)

The remaining metric perturbation ¥ can be expressed in terms of the inflaton field
fluctuation §¢ at horizon crossing [B1],
2 6
= gaﬂ—‘lS (4.22)

(5(0) horizon crossing

v

post inflation

where U is the Fourier coefficient of .
On using the general definition of power spectrum as in eq. (f.14), the power spectra
for Pg and P § can be connected when a mode k crosses the horizon, i.e. when a(n)H = k,

say for n = ng: ,
4 (a(n)H
P\il(kvn):§< (~) ) P&j;

From eq. (19), eq. ([:21]) and using
aH/qé(O) = \/4nG /e (4.24)

at horizon crossing, where G is Newton’s gravitational constant and e is the slow-roll

(4.23)

parameter in the single field inflation model [@], we have the power spectrum (defined as
in eq. (.16)) for the scalar metric perturbation at horizon crossing,

167G H?

4.2
a(no)H=k’ (4.25)

— 10 —



Here we wrote ®¢ for .

Note that the Hubble parameter H is (nearly) constant during inflation and also it is
the same in conformal time 7 and cosmic time ¢. Since the time dependence of the power
spectrum is through the Hubble parameter in eq. (.29), we have

Pg,(k,n(t)) = Po,(k,t) = Pg,(k) = constant in time. (4.26)

The power spectrum in eq. (f.25) is for commutative spacetime and it depends on the
magnitude of k and not on its direction. In the next section, we will show that the power
spectrum becomes direction-dependent when we make spacetime noncommutative.

5. Direction-dependent power spectrum

The two-point function in noncommutative spacetime, using eq. (B.19), takes the form

(0@ (k, n)@g(K',m)[0) = (0|@o(k, 0~ )Lo(K',77)[0), (5.1)

- _ 00k
where n~ =n (t— T)

In the commutative case, the reality of the two-point correlation function (since the
density fields @ are real) is obtained by imposing the condition

<q>0(kv 77)(1)0(1{,’ 77)>* = <q>0(_k’ 77)¢0(_k,’ 77)> (5'2)

But this condition is not correct when the fields are deformed. That is because even if
®y is self-adjoint, Py(x,t)Py(x’,t') # Py(x,t')Py(x,t) for space-like separations. A simple
and natural modification (denoted by subscript M) of the correlation function that ensures
reality involves “symmetrization” of the product of ¢g’s or keeping its self-adjoint part.
That involves replacing the product of ¢g¢’s by half its anti-commutator,

1

Sleaen), oy, mls = 3 (aGemgolym) + oy, meaten) . (53)

(We emphasize that this procedure for ensuring reality is a matter of choice)
For the Fourier modes ®y, this procedure gives:

(Bo(0c,1)o (1)) = 5 (Dol B 1)) + (Do~ @K, 1)) (5.0

After the modification of the correlation function, the power spectrum for scalar metric
perturbation takes the form

(@o(k, m) o (K, m))as = (27)° Pa, (k, )0 (k + k). (5.5)

Using eqs. (.1§), (£23), (b-1) and (§.4) we write down the modified power spectrum:

a(.n)H
6

2
) (e P+ (k)P (56)

114
Py, (k,n) = 519 (

— 11 —



where n* = n(t + QOT'k). Notice that here the argument of the scale factor a(n) is not
shifted, since it is not deformed by noncommutativity.
It is easy to show that

e—ikni i
u(k,nt) = Ton <1 - km—i> (5.7)

are also solutions of eq. ([.13).
Thus on using eq. (f:24) and the limit kn* — 0 of eq. (F.7), the modified power
spectrum is found to be

167G 1
P<I>o (k7 77) = |:

o s (i )P + k) F)|

N~ N~

167G 1 1 1

[ 9 a(n)? <2k3<n—>2 " 2/63(77*)2)}

8@ 1 1 1

= "9c Wa(n)? <<n—>2+<n+>2>‘ (58)

Assuming that the Hubble parameter H is nearly a constant during inflation, the

conformal time [B1]

-1
t) ~ — . 5.9
ne) = e (59)
gives an expression for n*:
1
n =n(t) SErled (5.10)

On using eq. (p.10) in eq. (b.§) we can easily write down an analytic expression for the
modified primordial power spectrum at horizon crossing,

Ps, (k) = Py, (k) cosh (Héo : k) (5.11)

where Pg, (k) is given by eq. (£.25). Note that the modified power spectrum also respects
the k — —k parity symmetry.

This power spectrum depends on both the magnitude and direction of k and clearly
breaks rotational invariance. In the next section we will connect this power spectrum to
the two-point temperature correlations in the sky and obtain an expression for the amount
of deviation from statistical isotropy due to noncommutativity.

6. Signature of noncommutativity in the CMB radiation

We are interested in quantifying the effects of noncommutative scalar perturbations on
the cosmic microwave background fluctuations. We assume homogeneity of temperature
fluctuations observed in the sky. Hence it is a function of a unit vector giving the direction
in the sky and can be expanded in spherical harmonics:

— 12 —



Here 7 is the direction of incoming photons.

The coefficients of spherical harmonics contain all the information encoded in the
temperature fluctuations. For #*¥ = 0, they can be connected to the primordial scalar
metric perturbations @,

3 ~
o = (=) [ G5z Ao,V ) (62)

where Ay(k) are called transfer functions. They describe the evolutions of scalar metric
perturbations ®( from horizon crossing epoch to a time well into the radiation dominated

epoch.
The two-point temperature correlation function can be expanded in spherical harmon-
ics: AT () AT(i)
n n . ¥ /a .
(SFLETD) = 5 Gt i)Yo () (63

Iml’'m/’
The variance of a;,;,’s is nonzero. For 0* = 0, we have
E3
<almal,m,> = Cl(sll’(smm’- (64)

(3

Using eq. (16) and eq. (B.9), we can derive the expression for C;’s for ¥ = 0:

3 3 1./ o N
(i) = 1670 [ AR () (0l B0 2) Vi ()Y ()

3
= 162 ) [ 5 A () Pag () Vi () )

2
== / dk k% (Ay(k))? Pay (k) 611 6mm: = Ci 616t (6.5)

where Pg, (k) is given by eq. ([£27).

When the fields are noncommutative, the two-point temperature correlation function
clearly depends on 0*”. We can still write the two-point temperature correlation as in
eq. (b-3):

<ATTWATTw> = > (@) o Yim (7)Y (7). (6.6)

[ Iml'm/’
This gives
. e [ B PW o
(Um iy )y = 1672(—1) /WWAI(k)Al’(k/)@e(k,77)<I>£(k/a77)>MYlm(k)Yl’m’(k’/)-

(6.7)
The two-point correlation function in eq. (6.7) is calculated during the horizon crossing
of the mode k. Once a mode crosses the horizon, it becomes independent of time, so that

we can rewrite the two-point function as
(@o(k, )@} (K, m))ar = (2)° Py, (k)5° (k — k) (6.8)

where Py, (k) is given by eq. (p.11).
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Thus we write the noncommutative angular correlation function as follows:
d®k
(2m)

The regime in which the transfer functions act is well above the noncommutative length

(k)Ay (k) P, (k) Yy, (k) Yy (k). (6.9)

(@) = 1672 (=)} /

scale, so that it is perfectly legitimate to assume that the transfer functions are the same
as in the commutative case.
Assuming that the 0° is along the z-axis, we have the expansion

EHOKk _ Z A7 (20 4+ 1)1 (Fi0kH) Y (cos?)) (6.10)

where 60 - k = 0k cosd and ji is the spherical Bessel function.
On using eq. (6.10) and the identities j;(—z) = (—1)'5;(2) and j;(iz) = i’ i;(2), where
1; is the modified spherical Bessel function, we can write eq. () as

Py, (k) = Pg, (k Z VAm (20 4 1) iy (OkH) Yig(cos?). (6.11)

l 0 l:even

Using egs. (6.9) and ), we rewrite eq. (6.9) as,

(G, = / dk (O (—1)™ (2 + 1) KA (k) Ap (k) Pay (k)ivs (0 H)
lll 0 lll even
l l/ l// l l/ l//
2 ner +1 12
x¢<z+><z+><000><_mm,0>, 6.2

the Wigner’s 3-j symbols in eq. (B.13) being related to the integrals of spherical harmonics:

/ko Vi () Yo (B)Y; luo(z%):\/(2z+1)(2z'+1)(2z~+1)/47r<é é 10> (_lm Tln , l@) (6.13)

We can also get a simplified form of eq. (f.19) by expanding the modified power
spectrum in eq. (5.11)) in powers of 6 up to the leading order:

Pa, (k) = Py, (k) [1 + H; (9‘0 : k>2] . (6.14)

A modified power spectrum of this form has been considered in [B4], where the rotational
invariance is broken by introducing a (small) nonzero vector. In our case, the vector that
breaks rotational invariance is #9 and it emerges naturally in the framework of field theories
on the noncommutative Groenewold-Moyal spacetime. We have also an exact expression
for Pp, (k) in eq. (p.11)).

Work is in progress to find a best fit for the data available and thereby to determine
the length scale of noncommutativity.

The direction-dependent primordial power spectrum discussed in [B4] is considered in a
model independent way in [B] to compute minimum-variance estimators for the coefficients
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of direction-dependence. A test for the existence of a preferred direction in the primordial
perturbations using full-sky CMB maps is performed in a model independent way in [Bg].
Imprints of cosmic microwave background anisotropies from a non-standard spinor field
driven inflation is considered in [B7]. Anisotropic dark energy equation of state can also

give rise to a preferred direction in the universe [Bg].

7. Non-gaussianity from noncommutativity

In this section, we briefly explain how n-point correlation functions become non-Gaussian
when the fields are noncommutative, assuming that they are Gaussian in their commutative
limits.

Consider a noncommutative field g(x, ). Its first moment is obviously zero:

(po(x,1)) = (po(x,t)) = 0.

The information about noncommutativity is contained in the higher moments of y.
We show that the n-point functions cannot be written as sums of products of two-point
functions. That proves that the underlying probability distribution is non-Gaussian.

The n-point correlation function is

Cn(z1,22, ..., 2n) = (Po(x1,t1) - - ©9(Xn, tn)) (7.1)

Since ¢ is assumed to be Gaussian and ¢y is given in terms of ¢y by eq. (B.12), all
the odd moments of ¢y vanish.

But the even moments of py need not vanish and do not split into sums of products
of its two-point functions in a familiar way.

Non-Gaussianity cannot be seen at the level of two-point functions. Consider the
two-point function Cy. We write this in momentum space in terms of ®q:

_i(k AK1) 50 'k2 go-kl
Cy = (Pp(ky, t1)Py(ka, t2)) = e 252V (g ( ki, 11+ 5 o | ko, t2— 5 - (7.2)

where k; A k; = k:,-@ijkj.
Making use of the translation invariance k; + ko = 0, the above equation becomes

0 -k, - 0 - ko

Non-Gaussianity can be seen in all the n-point functions for n > 4 and even n. Still

they can all be written in terms of correlation functions of ®y. For example, let us consider
the four-point function Cjy:

Cy = (Dg(k1, t1)Py(ko, t2)Pp(ks, t3)Pg(ka, ta)) = e~ 2 ksnkethksAkitlonks)

_’O‘k _’O'k _’O‘k
><<(I>o<kl7t1—9 5 1>‘I’oé<2,t2—9ﬂ0'k1—(9 5 2>@0<k37t3—éb’k1—50’k2—9 5 3)

.k
X®O<k47t4_6_0'k1_6_0'k2—0_0.k3_ 24>>
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Here we have used translational invariance, which implies that ki +ks+ks+k4 = 0. Using
this equation once more to eliminate k4, we find

04 _ e—%(kg/\kz—i—kg/\kl—i-kg/\kl) <q>0 <k1 £ — Qv . kl) q)o <k2 by — 0—0 ) kl B 0Y . k2> y
) 2 5 5

gok §0k gok §Ok
X<I>0<k3,t3—9_0-k1_9_0.k2_ 5 3>(I)0<k4,t4— 1+ 2+ 3

2

Assuming Gaussianity for the field ®y and denoting ®¢(k;, ;) by <I>((]i), we have,

<cI)(()1)cI)(()2) o cI)(()z')(I)ngl) o (I)(()n)> _ <<I>(()1)<I>éz)> <(I>(()3)<I>(()4)> L <(I)g)q)(()z'+1)> o <q)(()n—l)(1)(()n)>

+ permutations (for n even) (7.4)
and
(00 o af ... 0f") =0 (for n odd). (7.5)

Therefore Cy is

(g (K, t1)Dg(Ka, ta) g (ks, t3)Dp (K, ty)) = e 3 kaNketkarkitlonky)

00k 0k
X <<(I)0 (kl,tl— 5 1>(I)0 <k2,t2—9_0'k1— 5 2>>

—’O-k _’O‘k _’O'k go'k
" <(I)O<k37t3_éb'kl_9—0'k2_9 2 3>‘I’0<k4,t4—9 A 5 2t 3>>

g . k .k
+<<I>0<k1,t1— 21>q>0<k3,t3—9‘0.k1—9‘0.k2— 23>>

-k -k +6 - ky+ 6k
><<(I)0 (kg,tg—éo-kl— 5 2)‘1’0 <k4,t4— 1+ 2+ 3>>

2

0 -k 0 ki +6° ko + 609 k
+<‘I>0 (klﬂfl— 1><I)o <k47t4— L 2 2
2 2
= 0 - ky 0 70 0 - ks
X (I)() k2,t2—9 . kl—T (I)Q k3,t3—9 . k1—9 . kg— 5 . (76)

Using spatial translational invariance for each two-point function, we have
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50 . 50 .
o 2 A A =

Notice that the second term has a non-trivial phase which depends on the spatial mo-
menta k; and ko and the noncommutative parameter 6. As Cy cannot be written as sums
of products of C’s in a standard way, we see that the noncommutative probability distri-
bution is non-Gaussian. Also it should be noted that we still cannot achieve Gaussianity
of n-point functions even if we modify them by imposing the reality condition as we did
for the two-point case.

Non-Gaussianity affects the CMB distribution and also the large scale structure (the
large scale distribution of matter in the universe). We have not considered the latter. An
upper bound to the amount of non-Gaussianity coming from noncommutativity can be set
by extracting the four-point function from the data.

8. Conclusions

In this paper, we have shown that the introduction of spacetime noncommutativity gives
rise to nontrivial contributions to the CMB temperature fluctuations. The two-point
correlation function in momentum space, called the power spectrum, becomes direction-
dependent. Thus spacetime noncommutativity breaks the rotational invariance of the CMB
spectrum. That is, CMB radiation becomes statistically anisotropic. This can be measured
experimentally to set bounds on the noncommutative parameter. Currently, we [I(] are
making numerical fits to the available CMB data to put bounds on 6.

We have also shown that the probability distribution governing correlations of fields
on the Groenewold-Moyal algebra Ay are non-Gaussian. This affects the correlation func-
tions of temperature fluctuations. By measuring the amount of non-Gaussianity from the
four-point correlation function data for temperature fluctuations, we can thus set further
limits on 6.
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